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RIGIDITY FOR BACH-FLAT METRICS ON MANIFOLDS WITH
BOUNDARY AND APPLICATIONS
MATTHEW J. GURSKY AND SIYI ZHANG
Abstract. In the article we consider Bach-flat metrics on four-manifolds with
boundary, with conformally invariant boundary conditions. We show that such
metrics arise naturally as critical points of the Weyl energy under a constraint.
We then prove a rigidity result: if a Yamabe metric associated to a critical
metric when restricted to the boundary is isometric to the round three-sphere,
then the critical metric must be isometric to the standard upper hemisphere.
1. Introduction
In this paper we study a conformally invariant boundary value problem in four
dimensions. Our work is partially inspired by the following rigidity result of Hang-
Wang in [18]:
Theorem A. ([18], Theorem 4.1) Let (M, g) be a smooth n-dimensional compact
Einstein manifold with boundary Σ. If Σ is totally geodesic and is isometric to
Sn−1 with the standard metric, then (M, g) is isometric to the hemisphere Sn+ with
the standard metric.
This result can be viewed as a uniqueness statement for solutions of an overde-
termined boundary value problem for Einstein metrics. The assumption that the
induced metric is round plays the role of the Dirichlet data, while the assumption
that the boundary is totally geodesic is the Neumann data. Theorem A states
that the unique solution of the Einstein equation in Mn satisfying both of these
boundary conditions is the upper hemisphere with the standard metric. For clas-
sical elliptic PDE the model for such a uniqueness result is the famous symmetry
theorem of Serrin [23].
There is also a variational interpretation of Theorem A. Given a Riemannian
metric g defined on the manifold with boundary (M,Σ), let Rg denote the scalar
curvature of g and Hg the mean curvature (i.e., the trace of the second fundamental
form) of the boundary. Let M(M)1 denote the space of unit volume metrics on M .
In [2], Araujo showed that critical points of the functional
Eb : g 7→
∫
M
Rg dvg + 2
∫
Σ
Hg dσg(1.1)
restricted to M1 correspond to Einstein metrics with totally geodesic boundary.
Therefore, we can restate Theorem A in the following way:
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Theorem B. The upper hemisphere Sn+ with the standard metric is the unique crit-
ical point (up to isometry) of Eb
∣∣
M1
such that the induced metric on Σ is isometric
to the round sphere.
In this paper we consider higher order versions of Theorems A and B in four
dimensions. To state our results we will need some additional notation.
From now on, we assume (M4,Σ3 = ∂M4, g) is a compact four-dimensional
Riemannian manifold with boundary. Let Wg denote the Weyl curvature tensor of
g and L the second fundamental form of the boundary. In place of Eb, consider the
functional
Wb : g 7→
∫
M4
||Wg ||
2 dvg + 2
∮
Σ3
Wi0j0L
ij dσg,(1.2)
where 0 subscripts correspond to components of a tensor with respect to the outward
unit normal, and ‖·‖ is the norm ofW as a section of End(Λ2(M)). This functional
generalizes the Weyl functional
W : g 7→
∫
M4
‖Wg‖
2 dvg
for closed manifolds. Critical points of W are metrics with vanishing Bach tensor
Bαβ [3] defined by
Bαβ = ∇
γ∇δWαγβδ + P
γδWαγβδ,(1.3)
where P is the Schouten tensor (see Section 2 for more details). Four-manifolds with
vanishing Bach tensor are also called Bach-flat manifolds. We remark that W and
Wb are conformally invariant, hence Bach-flatness and S-flatness are conformally
invariant conditions.
As pointed out in [9], critical points of Wb are Bach-flat metrics such that the
tensor
Sij := ∇
αWαi0j +∇
αWαj0i −∇
0W0i0j +
4
3
HW0i0j(1.4)
vanishes on the boundary. In this case, we will say that the boundary is S-flat.
Since the Bach-flat condition is fourth order in the metric, it should be possible to
specify a boundary condition in addition to S-flatness. In the Appendix, we prove
the following:
Theorem 1.1. Given a compact four-dimensional manifold with boundary (M4,Σ3 =
∂M4), let M0(M4,Σ3) denote the space of all Riemannian metrics on (M4,Σ3)
such that Σ3 is umbilic. Then g is a critical point of W restricted to M0(M4,Σ3)
if and only if g is Bach-flat and Σ3 is S-flat and umbilic.
We remark that when the boundary is umbilic the functionals W and Wb are
actually the same, since Wi0j0L
ij ≡ 0.
Our goal is to prove a uniqueness result for critical points of the variational
problem described in Theorem 1.1. Due to conformal invariance of the functional
and the constraint any uniqueness result can only hold modulo conformal changes of
metric, unless a choice of conformal representative is specified. A natural candidate
for a conformal representative is a Yamabe metric.
Given a compact manifold with boundary (M4,Σ3, g), let [g] = {e2fg : f ∈
C∞(M)} denote the conformal class of M . If we restrict the functional Eb in (1.1)
to unit-volume metrics in [g], then critical points are precisely those metrics with
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constant scalar curvature and zero mean curvature on the boundary. The first
Yamabe invariant of (M4,Σ3, g) is the infimum of Eb (restricted to unit volume
metrics):
Y(M4,Σ3, [g]) = inf
g˜∈[g],V ol(g˜)=1
(∫
M
Rg˜ dvg˜ + 2
∫
Σ
Hg˜ dσg˜
)
(1.5)
By the work of Escobar [14], there is always a metric gY ∈ [g] that attains
Y(M4,Σ3, [g]) (see Section 2 for more details). However, gY need not be unique:
the round metric g0 on S
4
+ is Yamabe, but for any conformal transformation
ϕ : (S4+, S
3, g0)→ (S4+, S
3, g0), the metric g˜0 = φ
∗g0 is also Yamabe.
With these preliminaries, we can now state our main result:
Theorem 1.2. Let (M4,Σ3, g) be a Bach-flat Riemannian four-manifold with
boundary such that the boundary is S-flat and umbilic. Suppose for some Yam-
abe metric gY ∈ [g] with RgY = 12, the induced metric gY |Σ3 is isometric to S
3
with the standard metric. Then (M4,Σ3, gY ) is isometric to the hemisphere S
4
+
with the standard metric.
In view of Theorem 1.1, we have the following corollary (compare with Theorem
B):
Corollary 1.1. The upper hemisphere S4+ with the standard metric is the unique
critical point of W
∣∣
M0(M4,Σ3)
admitting a Yamabe metric gY such that the induced
metric on the boundary is isometric to the round S3.
At first glance it may seem that the assumption on the Yamabe metric in Theo-
rem 1.2 is too strong, and it would be more natural to just assume that the metric
g when restricted to the boundary is conformal to the round S3. However, by the
work of Schoen-Yau [22] one can construct examples of manifolds satisfying this
weaker condition that are not even diffeomorphic to the upper hemisphere:
Theorem 1.3. (See [22]) The manifold with boundary (S3 × S1 \ B4, S3), where
B4 is a four-dimensional ball, admits a metric g˜ with the following properties:
(1) g˜ is locally conformally flat, hence Bach-flat and S-flat;
(2) The boundary S3 is umbilic with respect to g˜;
(3) The induced metric g˜|S3 is conformal to the round metric h0 on S
3.
In fact, for any k ≥ 1 the Schoen-Yau construction implies the existence of a
metric g˜k on k♯(S
3 × S1) with the same properties. In view of Theorem 1.3, one
needs a stronger condition on the induced metric in order to distinguish the upper
hemisphere among Bach-flat and S-flat manifolds with umbilic boundary.
As with the Hang-Yang result, Theorem 1.2 can be viewed as a uniqueness
result for an overdetermined boundary value problem. In this case, the Bach-flat
condition is fourth order in the metric, so it is natural to impose two boundary
conditions on the metric g; i.e., S-flatness and umbilic, which are third order and
fist order respectively in the metric. The additional assumption on the Yamabe
metric is a kind of “conformally invariant Dirichlet condition”, and makes the
problem overdetermined. In [4] a rigidity result is proved for Bach-flat metrics
that are simultaneously critical for the volume functional. This can also be viewed
as a kind of overdetermined system, since the metric is assumed to satisfy both a
second- and fourth-order condition in the interior.
4 MATTHEW J. GURSKY AND SIYI ZHANG
For closed manifolds there are a number of results characterizing Bach-flat met-
rics that satisfy additional curvature conditions; see for example [7], [20]. The latter
is a recent example of papers that study Bach-flat Ka¨hler metrics.
To conclude the introduction we point out that four-dimensional Bach-flat man-
ifolds with umbilic boundary arise naturally in the context of theory of conformally
compact Einstein (CCE) manifolds. CCE manifolds are central to the Fefferman-
Graham theory of conformal invariants, and appear in the physics literature in the
AdS/CFT correspondence. Here, we give a very brief explanation of the connection
to our work, and refer the reader to [16] for more details.
Suppose X is the interior of a smooth, compact manifold with boundary (X¯,N =
∂X). A metric g+ defined in X is conformally compact if there is a defining function
for the boundary ρ : X¯ → R such that g¯ = ρ2g+ defines a metric on X¯. By a
defining function, we mean a smooth function with ρ > 0 in X , ρ = 0 and dρ 6= 0
on ∂X . We will assume in the following that g¯ is at least C2 up to the boundary.
If (X, ∂X, g+) is Einstein, then we say that (X, ∂X, g+) is a conformally compact
Einstein (CCE) manifold.
The choice of defining function is not unique, and thus a conformally compact
manifold (X,N = ∂X, g+) naturally defines a conformal class of metrics on the
boundary, [h], called the conformal infinity. Given a metric h in the conformal
infinity there is a canonical choice of defining function, called a special or geodesic
defining function r, such that near the boundary g¯ = r2g+ can be written as
g¯ = dr2 + hr(1.6)
where hr is a one-parameter family of metrics on N . Moreover, the boundary N is
totally geodesic with respect to g¯.
Now suppose (X4, N3 = ∂X4, g+) is a four-dimensional CCE manifold. Given
h in the conformal infinity, let g¯ = r2g+ be the compactification by the special
defining function assoicated to h. Since g+ is Einstein, it is Bach-flat. By conformal
invariance of the Bach-flat condition g¯ is also Bach-flat. As we observed above, N3
is totally geodesic (hence umbilic) with respect to g¯. Moreover, the metric hr in
(1.6) can be expanded near N3 to give
g¯ = dr2 + h+ g(2)r2 + g(3)r3 +O(r4),(1.7)
where g(2) and g(3) are tensors on N3. As shown in [16], g(2) is determined by the
metric h, but g(3) is formally undetermined. In [9], Chang-Ge showed that
Sg¯ = −
3
2
g(3).
To summarize: Four-dimensional CCE manifolds provide many examples of Bach-
flat manifolds with umbilic boundary. Moreover, the vanishing of the S-tensor has
a concrete interpretation via the Fefferman-Graham expansion (1.7). We remark
that the vanishing of S can be used in some cases to characterize the geometry; see
[21].
2. Preliminaries
2.1. Basic notations and properties for manifolds with boundary. Suppose
(Mn,Σn−1, g) is a Riemannian manifold with boundary (Σn−1, h), where h = g|Σ
is the induced metric. Throughout this note, we denote the Riemannian curvature
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tensor by Rm (or Rmg if we need to specify the metric), the Ricci tensor by Ric,
and the scalar curvature by R. We also denote the Weyl curvature tensor by W ,
and the Schouten tensor
P =
1
n− 2
(
Ric−
1
2(n− 1)
R · g
)
.(2.1)
In terms of the Weyl and Schouten tensors the Riemannian curvature tensor can
be decomposed as
Rm =W + P ©∧ g(2.2)
where ©∧ is the Kulkarni-Nomizu product. We use RmΣ, WΣ, RicΣ, PΣ, and RΣ
to denote the respective curvature tensors calculated with respect to the intrinsic
metric h on Σn−1.
The boundary is called umbilic if
Lij = λhij ,(2.3)
where λ is a smooth function on Σn−1 and Lij is the second fundamental form of
Σn−1. In other words, the boundary is umbilic if its second fundamental form is
pointwise proportional to the metric. By taking trace, we obtain that λ = H
n−1 ,
where H is the mean curvature of Σn−1. The boundary is called minimal if its
mean curvature is vanishing, i.e., H = 0. The boundary is called totally geodesic if
its second fundamental form is vanishing, which is equivalent to the fact that the
boundary is minimal and umbilic. Note that the umbilic condition is conformally
invariant: if (Σn−1, h) is umbilic with respect to the metric g and g˜ = u2g is a
metric conformal to g, then (Σn−1, h˜) is also umbilic with respect to the metric g˜.
The first Yamabe invariant of (Mn,Σn−1, g) is defined as
Y(Mn,Σn−1, [g]) = inf
g˜∈[g]
V ol(g˜)−
n−2
n
(∫
M
Rg˜ dvg˜ + 2
∫
Σ
Hg˜ dσg˜
)
(2.4)
Any smooth metric achieving this infimum has constant scalar curvature and mini-
mal boundary. From the work of Escobar [14], it is known that in many cases such
a minimizer exists. In particular, for 3 ≤ n ≤ 5, a minimizer always exists. In this
note, we shall call the minimizing metric scaled to have constant scalar curvature
n(n−1) and minimal boundary a Yamabe metric in its conformal class. In addition,
Escobar established the following inequality for 3 ≤ n ≤ 5:
Y(Mn,Σn−1, [g]) ≤ Y(Sn+, S
n−1, [gSn
+
]),(2.5)
where equality holds if and only if (Mn,Σn−1, g) is conformally equivalent to the
round upper hemisphere (Sn+, S
n−1, gSn
+
). Note that for a manifold with umbilic
boundary, the Yamabe metric has constant scalar curvature and totally geodesic
boundary.
2.2. The Weyl functional on four-manifolds with boundary. On a closed
smooth four-manifold, the Weyl functional is defined as
W : g →
∫
M4
||Wg ||
2 dvg.(2.6)
It has played an important role in the study of the geometry and topology of the
underlying manifold. On a smooth four-manifold with boundary(M4,Σ3), the Weyl
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functional is defined as
Wb : g →
∫
M4
||Wg||
2 dvg + 2
∮
Σ3
Wi0j0L
ij dσg,(2.7)
where Lij and H are the second fundamental form and mean curvature of Σ
3,
respectively, Latin letters run through 1, 2, 3 as tangential directions, and 0 is the
outward normal direction on Σ. The functional Wb is conformally invariant in four
dimensions in the sense that Wb(g˜) = Wb(g) for any g˜ ∈ [g]. Indeed, ||Wg||2 dvg
and Wi0j0L
ij dσg are pointwise conformally invariant differential forms in M
4 and
on Σ3, respectively. Also note that for umbilic boundary, Wi0j0L
ij ≡ 0 on Σ3 since
Weyl curvature is trace-free. It follows thatWb coincides withW on four-manifolds
with umbilic boundary.
As mentioned in the Introduction (a proof will be given in the Appendix), critical
points ofWb are Bach-flat metrics in M4 with vanishing S-tensor on Σ3. The basic
conformal properties of the Bach tensor and the S-tensor are given in the following
lemma:
Lemma 2.1 ([6][9][12]). The Bach tensor Bαβ and S-tensor Sij on (M
4,Σ3, g)
have the following properties:
(1) Bαβ is symmetric, trace-free, divergence-free and conformally invariant in
the sense that for g˜ = e2wg,
Bg˜ = e
−2wBg.
(2) Sij is symmetric, trace-free and conformally invariant in the sense that for
g˜ = e2wg,
Sg˜ = e
−wSg.
(3) If Σ3 is totally geodesic, then
Sij = ∇
0Pij .
3. Weyl curvature on umbilic boundary
In this section, we list and prove several useful properties of the Weyl curvature
tensor on umbilic boundary.
Lemma 3.1. Suppose (M4,Σ3, g) has umbilic boundary. Then on Σ3
W0i0j = Pij − P
Σ
ij +
1
18
H2gij ,(3.1)
Wijk0 = 0,(3.2)
3∑
i,j,k,l=1
|Wijkl |
2 = 4
3∑
i,j=1
|Pij − P
Σ
ij +
1
18
H2gij |
2.(3.3)
In particular, W = 0 on Σ3 if and only if W0i0j = 0 on Σ
3.
Proof. Recall that (Σ3, h) being umbilic means that
Lij =
1
3
Hgij .(3.4)
With (3.4), the Gauss equations imply on Σ3 that
Rikjl = R
Σ
ikjl − LijLkl + LilLjk = R
Σ
ikjl −
1
9
H2gijgkl +
1
9
H2gilgjk(3.5)
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Taking the trace, we have on Σ3 that
Rij −R0i0j = R
Σ
ij −
2
9
H2gij .(3.6)
Taking the trace once more, we have on Σ3 that
R− 2R00 = R
Σ −
2
3
H2(3.7)
The decomposition of curvature implies on Σ3 that
R0i0j = W0i0j + g00Pij − gijP00.(3.8)
By the definition of Schouten tensor, we have
P00 =
1
2
(
R00 −
1
6
Rg00
)
, Pij =
1
2
(
Rij −
1
6
Rgij
)
, PΣij = R
Σ
ij −
1
4
RΣij .(3.9)
If we substitute (3.8) and (3.9) into (3.6), then
2Pij +
1
6
Rgij −W0i0j − Pij − P00gij = P
Σ
ij +
1
4
RΣgij −
2
9
H2gij ,(3.10)
which implies
W0i0j = Pij − P
Σ
ij +
(
1
6
R−
1
4
RΣ − P00 +
2
9
H2
)
gij .(3.11)
Also, substuting (3.9) into (3.7) gives:
P00 =
1
6
R −
1
4
RΣ +
1
6
H2.(3.12)
Finally, substituting (3.12) into (3.11) we get
W0i0j = Pij − P
Σ
ij +
1
18
H2gij .(3.13)
By (3.4), the Codazzi equations imply
Rijk0 = −∇
Σ
j Lik +∇
Σ
i Ljk = −
1
3
∇Σj Hgik +
1
3
∇Σi Hgjk(3.14)
Taking the trace, we have on Σ3 that
Rj0 = −
2
3
∇Σj H.(3.15)
The decomposition of curvature implies on Σ3 that
Rijk0 = Wijk0 + gikPj0 − gjkPi0(3.16)
By definition, we have from (3.15) on Σ3 that
Pi0 =
1
2
(
Ri0 −
1
6
Rgi0
)
=
1
2
Ri0 = −
1
3
∇Σi H.(3.17)
Combining (3.14),(3.16), and (3.17), we have on Σ3
−
1
3
∇Σj Hgik +
1
3
∇Σi Hgjk = Wijk0 −
1
3
∇Σj Hgik +
1
3
∇Σi Hgjk,(3.18)
which implies Wijk0 = 0 on Σ
3.
Next, we write the Gauss equation (3.5) using the decomposition of Rm into W ,
P and R. Recall
Rikjl = Wikjl + gijPkl + gklPij − gilPkj − gkjPil,(3.19)
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and similarly
RΣikjl = hijP
Σ
kl + hklP
Σ
ij − hilP
Σ
kj − hkjP
Σ
il ,(3.20)
where we have used WΣijkl = 0 since the Weyl curvature tensor vanishes on any
Riemannian three-manifold. Note that gij = hij on Σ
3. Putting (3.5),(3.19), and
(3.20) together, we have on Σ3 that
Wikjl + gijAkl + gklAij − gilAjk − gjkAil = 0,(3.21)
where
Aij = Pij − P
Σ
ij +
1
18
H2gij = W0i0j .(3.22)
Next, square both sides of (3.21) and combine like terms. To simplify we calculate
at p ∈ Σ with respect to Fermi coordinates, so at p we have
gij = δij , gi0 = 0, g00 = 1.
Also, in the following calculations we adopt the Einstein summation convention.
Since W is trace-free, at p we have
0 = Wikil +W0k0lg00.(3.23)
Hence by (3.22)
WikilAkl = −W0k0lAkl = −|A|
2.(3.24)
At p,
gijgil = gijgil + g0jg0l = δjl,(3.25)
hence
−gijAklgilAjk = −δjlAklAjk = −|A|
2.(3.26)
Putting everything together, we conclude that
|Wijkl |
2 − 4|A|2 + 4 (gijAij)
2
= 0.(3.27)
Once again using the fact that W is trace-free,
gijAij = gijWi0j0 = gijWi0j0 + g00W0000 = 0,(3.28)
hence
|Wijkl |
2 = 4|A|2.(3.29)
Plugging Aij = Pij −PΣij +
1
18H
2gij into (3.29), we obtain the desired identity. 
Remark 3.1. There are two model cases for Lemma 3.1:
• For the round hemisphere (S4+, S
3, gS4
+
), we have on S3 that
W = 0, Pij =
1
2
gij , P
S3
ij =
1
2
gij , H = 0.(3.30)
• For the flat disc (B4, S3, gEucl), we have on S3 that
W = 0, Pij = 0, P
S3
ij =
1
2
gij , H = 3.(3.31)
From Lemma 3.1, it is natural to ask under what conditions the Weyl curvature
is vanishing on the boundary. The following lemma reveals that the Weyl curvature
is vanishing on the boundary under appropriate conformally invariant conditions.
This lemma may be of some independent interest.
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Lemma 3.2. Suppose (M4,Σ3, g) satisfies
• Bg = 0 in M ;
• Sg = 0 on Σ;
• (Σ3, h) is umbilic;
• (Σ3, h) is conformally equivalent to a three-dimensional space form.
Then W ≡ 0 on Σ3.
Proof. Since the conditions and the conclusion are both conformally invariant, we
may assume that the boundary (Σ3, h) is isometric to a three-dimensional space
form after a conformal transformation of the metric. In any case, we may scale the
metric to obtain PΣij =
1
2chij , where c = 0,±1.
Recall the Bach-flat condition is
0 = Bαβ = ∇
γ∇δWαγβδ + P
γδWαγβδ.
If we consider the pure normal directions of Bach tensor, we have
0 = ∇γ∇δW0γ0δ + P
γδW0γ0δ.(3.32)
From the symmetry of Weyl curvature, this implies
0 = ∇γ∇δW0γ0δ + P
ijW0i0j .(3.33)
From Lemma 3.1, we have on Σ3 that
W0i0j = Pij − P
Σ
ij +
1
18
H2gij(3.34)
and thereby
P ij = gαigβjPαβ = g
kigljPkl = h
kihlj
(
PΣkl +W0k0l −
1
18
H2hkl
)
.(3.35)
Plugging (3.35) into (3.33), we have on Σ3
0 = ∇γ∇δW0γ0δ +W0i0jh
kihlj
(
PΣkl +W0k0l −
1
18
H2hkl
)
.(3.36)
Since PΣkl =
1
2chkl, we have
W0i0jh
kihljPΣkl =
1
2
chijW0i0j =
1
2
cgαβW0α0β = 0,(3.37)
and
1
18
H2W0i0jh
kihljhkl =
1
18
H2hijW0i0j = 0.(3.38)
Plugingg (3.37) and (3.38) into (3.36), we obtain on Σ3
0 = ∇γ∇δW0γ0δ + |W0i0j |
2
Σ.(3.39)
We now simplify the first term in (3.39). To simplify, we once again use Fermi
coordinates based at a point p ∈ Σ3. Then at p,
Γkij = 0, Γ
0
ij = Lij =
1
3
Hgij,
Γji0 = −Lij = −
1
3
Hgij, Γ
0
i0 = Γ
0
00 = 0.
(3.40)
Then
∇γ∇δW0γ0δ = ∇0∇0W0000 +∇i∇0W0i00 +∇0∇iW000i +∇i∇jW0i0j(3.41)
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Using symmetries of the Weyl tensor, we note that
∇0∇0W0000 = ∇δWαβγγ = 0.(3.42)
We now calculate ∇i∇0W0i00 at p ∈ Σ
3 using (3.40):
∇i∇0W0i00 = ∂i(∇0W0i00)− Γ
α
i0∇αW0i00 − Γ
α
i0∇0Wαi00 − Γ
α
ii∇0W0α00
− Γαi0∇0W0iα0 − Γ
α
i0∇0W0i0α
= −Γji0∇0W0ij0 − Γ
j
i0∇0W0i0j
= 0
(3.43)
where we have used once again that all contractions of W vanish. Thus, we have
at p ∈ Σ3
∇i∇0W0i00 = 0,(3.44)
and similarly at p
∇i∇0W000i = 0.(3.45)
Next, calculate ∇0∇iW000i at p ∈ Σ3. By the Ricci identity and symmetry of
curvature tensor,
∇0∇iW000i = ∇i∇0W000i −Rj00iWj00i −Rj00iW0j0i = 0.(3.46)
We now claim that at p,
∇i∇jW0i0j = ∇
Σ
i ∇
Σ
j W0i0j .(3.47)
To see this, first note
∇ΣkW0i0j = ∂kW0i0j ,(3.48)
hence
∇kW0i0j = ∂kW0i0j − Γ
α
k0Wαi0j − Γ
α
kiW0α0j − Γ
α
k0W0iαj − Γ
α
kjW0i0α
= ∂kW0i0j − Γ
m
k0Wmi0j − Γ
m
kiW0m0j − Γ
m
k0W0imj − Γ
m
kjW0i0m
= ∂kW0i0j − Γ
m
k0Wmi0j − Γ
m
k0W0imj
= ∇ΣkW0i0j ,
(3.49)
where we have used Wijk0 = 0 on Σ
3 by Lemma 3.1. Therefore,
∇kW0i0j = ∇
Σ
kW0i0j .(3.50)
Also,
∇Σi ∇
Σ
j W0i0j = ∂i(∇
Σ
j W0i0j).(3.51)
It follows that
∇i∇jW0i0j = ∂i(∇jW0i0j)− Γ
α
ij∇αW0i0j − Γ
α
i0∇jWαi0j − Γ
α
ii∇jW0α0j
− Γαi0∇jW0iαj − Γ
α
ij∇jW0i0α
= ∂i(∇
Σ
j W0i0j)− Γ
0
ij∇0W0i0j − Γ
k
i0∇jWki0j − Γ
k
i0∇jW0ikj
= ∇Σi ∇
Σ
j W0i0j − Γ
0
ij∇0W0i0j − Γ
k
i0∇jWki0j − Γ
k
i0∇jW0ikj ,
(3.52)
where we have used that
Γαii∇jW0α0j = Γ
0
ii∇jW000j = 0(3.53)
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and
Γαij∇jW0i0α = Γ
0
ij∇jW0i00 = 0.(3.54)
Note that Wijk0 = 0 on Σ
3. Now we calculate the last three terms in (3.52):
Γki0∇jWki0j = −Γ
k
i0Γ
m
j0Wkimj − Γ
k
i0Γ
0
jkW0i0j − Γ
k
i0Γ
0
jiWk00j − Γ
k
i0Γ
0
jjWki00 = 0
(3.55)
Γki0∇jW0ikj = −Γ
k
i0Γ
m
j0Wmikj − Γ
k
i0Γ
0
jiW00kj − Γ
k
i0Γ
0
jkW0i0j − Γ
k
i0Γ
0
jjW0ik0 = 0
(3.56)
Since Sg = 0 on Σ,
0 = ∇mWmi0j +∇kWkj0i +∇0W0i0j +
4
3
HW0i0j ,(3.57)
which implies at p
∇0W0i0j = −∇mWmi0j −∇kWkj0i −
4
3
HW0i0j .(3.58)
Therefore,
Γ0ij∇
0W0i0j = −
1
3
Hgij
(
∇mWmi0j +∇
kWkj0i +
4
3
HW0i0j
)
= 0,(3.59)
where the last equality follows the same way as (3.55) is established.
To summarize, we have shown that
∇i∇jW0i0j = ∇
Σ
i ∇
Σ
j W0i0j ,(3.60)
which is (3.47).
Plugging (3.42), (3.44), (3.46), and (3.47) into (3.39), we have on Σ3
0 = ∇iΣ∇
j
ΣW0i0j +
∣∣W0i0j ∣∣2Σ.(3.61)
Integrating this over Σ3 and using the divergence theorem, we conclude thatW0i0j ≡
0 on Σ3. It follows from Lemma 3.1 that W ≡ 0 on Σ3. 
Remark 3.2. It is interesting to point out that the condition (Σ3, h) is conformally
equivalent to a three-dimensional space form cannot be weakened (even if we still
assume (Σ3, h) is locally conformally flat), as can be seen from the following ex-
ample. Suppose that (S2+ × S
2, gprod) is the product of a round upper hemisphere
and a round sphere. The boundary is (S1 × S2, hprod) where hprod is the standard
product metric and thereby is locally conformally flat. Note that (S2+ × S
2, gprod)
is an Einstein manifold with totally geodesic boundary (S1 × S2, hprod) which sat-
isfies the first three conditions in Lemma 3.2. However, the Weyl curvature of
(S2+ × S
2, gprod) is pointwise nonzero.
Remark 3.3. If (X4, N3, g+) is a CCE four-manifold, then any compactification
g¯ = ρ2g+ has Wg¯ |N3 = 0; see [9], Lemma 2.3.
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4. Expansion of the metric near the boundary
In this section we compute the expansion of the metric near the boundary that
will be used in the proof of Theorem 1.2. Although some of the terms in the
expansion are well known, we will need the precise form up to order four. Also, we
carry out the calculations in arbitrary dimension.
Suppose (Mn,Σn−1, g) is a smooth manifold with boundary and g is a Riemann-
ian metric smooth up to the boundary. Let {xi} be local coordinates on Σn−1. If
r is the distance function to Σn−1, then we can identify a collar neighborhood of
the boundary with Σn−1 × [0, ǫ), with coordinates given by (xi, r). We want to
compute the expansion of g in Σn−1 × [0, ǫ). In Σn−1 × [0, ǫ), write the metric g as
g = dr2 + hij(x, r)dx
idxj ,(4.1)
where
hij = 〈∂i, ∂j〉 .(4.2)
The first derivative is given by
∂
∂r
hij = 〈∇∂r∂i, ∂j〉+ 〈∇∂r∂j , ∂i〉(4.3)
Note that
∇∂i∂r = ∇∂r∂i = −Lilh
lk∂k.(4.4)
Hence,
∂
∂r
hij = −2Lij.(4.5)
The second derivative is given by
∂2
∂r2
hij = 〈∇∂r∇∂r∂i, ∂j〉+ 2 〈∇∂r∂i,∇∂r∂j〉+ 〈∇∂r∇∂r∂j , ∂i〉
= 〈∇∂r∇∂r∂i, ∂j〉+ 〈∇∂r∇∂r∂j , ∂i〉+ 2LikL
k
j
(4.6)
From the Jacobi field equation, we have
∇∂r∇∂r∂i = −R
k
0i0∂k(4.7)
Hence, we have
〈∇∂r∇∂r∂i, ∂j〉 = −R0i0j(4.8)
and thereby
∂2
∂r2
hij = −2R0i0j + 2LikL
k
j(4.9)
The third derivative is given by
∂3
∂r3
hij = 〈∇∂r∇∂r∇∂r∂i, ∂j〉+ 〈∇∂r∇∂r∇∂r∂j , ∂i〉
+ 3 〈∇∂r∇∂r∂i,∇∂r∂j〉+ 3 〈∇∂r∇∂r∂j ,∇∂r∂i〉
(4.10)
By (4.4) and (4.7), We calculate
〈∇∂r∇∂r∂i,∇∂r∂j〉 = R
k
0i0hkmLjlh
lm = R0i0kL
k
j(4.11)
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The right hand side of (4.7) can be understood as the contraction of two tensors.
We may take the covariant derivative:
∇∂r∇∂r∇∂r∂i = −∇0R
k
0i0∂k −R
k
0i0∇∂r∂k,(4.12)
which implies
〈∇∂r∇∂r∇∂r∂i, ∂j〉 = −∇0R0i0j + L
k
jRi0k0.(4.13)
This identity easily implies
∂3
∂r3
hij = −2∇0R0i0j + 8L
k
(iRj)0k0,(4.14)
where parentheses around a pair of subscripts denotes symmetrization in that pair.
The fourth derivative is given by
∂4
∂r4
hij = 〈∇∂r∇∂r∇∂r∇∂r∂i, ∂j〉+ 〈∇∂r∇∂r∇∂r∇∂r∂j , ∂i〉
+ 4 〈∇∂r∇∂r∇∂r∂i,∇∂r∂j〉+ 4 〈∇∂r∇∂r∇∂r∂j ,∇∂r∂i〉
+ 6 〈∇∂r∇∂r∂j ,∇∂r∇∂r∂i〉
(4.15)
By (4.4)(4.7) and (4.12), We calculate
〈∇∂r∇∂r∇∂r∂i,∇∂r∂j〉 = ∇0R0i0kL
k
j −R0i0kL
k
l L
l
j(4.16)
〈∇∂r∇∂r∂j ,∇∂r∇∂r∂i〉 = R
k
0j0R0i0k(4.17)
For the term 〈∇∂r∇∂r∇∂r∇∂r∂i, ∂j〉, we take the covariant derivative of (4.12) to
obtain
∇∂r∇∂r∇∂r∇∂r∂i = −∇0∇0R
k
0i0∂k − 2∇0R
k
0i0∇∂r∂k −R
k
0i0∇∂r∇∂r∂k,(4.18)
which implies
〈∇∂r∇∂r∇∂r∇∂r∂i, ∂j〉 = −∇0∇0R0i0j + 2∇0R0i0kL
k
j +R
k
0i0R0j0k(4.19)
Putting (4.16)(4.17) and (4.19) together, we have
∂4
∂r4
hij =− 2∇0∇0R0i0j + 6∇0R0i0kL
k
j + 6∇0R0j0kL
k
i
− 4R0i0kL
k
l L
l
j − 4R0j0kL
k
l L
l
i + 8R
k
0i0R0j0k
(4.20)
We summarize the preceding calculations in the following lemma:
Lemma 4.1. Suppose (Mn,Σn−1, g) is a Riemannian manifold with boundary.
Then we have the expansion for metric g in Σ× [0, ǫ)
g = dr2 + hij(x, r)dx
idxj(4.21)
where
hij(x, r) = h
(0)
ij + rh
(1)
ij +
r2
2!
h
(2)
ij +
r3
3!
h
(3)
ij +
r4
4!
h
(4)
ij +O(r
5)(4.22)
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where h
(k)
ij are symmetric 2-tensors defined on Σ
n−1
h
(0)
ij = gij
h
(1)
ij =− 2Lij
h
(2)
ij =− 2R0i0j + 2LikL
k
j
h
(3)
ij =− 2∇0R0i0j + 4L
k
iRj0k0 + 4L
k
jRi0k0,
h
(4)
ij =− 2∇0∇0R0i0j + 6∇0R0i0kL
k
j + 6∇0R0j0kL
k
i
− 4R0i0kL
k
l L
l
j − 4R0j0kL
k
l L
l
i + 8R
k
0i0R0j0k
(4.23)
5. The proof of Theorem 1.2
The proof of Theorem 1.2 follows the outline of the proof of Theorem A given
by Hang-Wang, and can be divided into two steps. The first step is to show that
the metric near the boundary has an expansion coinciding with the round upper
hemisphere up to arbitrary order. The the second step is to use the analyticity
of Bach-flat metrics with constant scalar curvature (see below), to show that the
manifold has constant sectional curvature. We remark that in the proof of the
Hang-Wang result, since the Einstein condition is second order in the metric they
only needed the explicit expansion of the metric up to second order. In our setting,
since the Bach-flat condition is fourth order we needed to calculate the expansion
of metric to the fourth order in the previous section.
Assume (M4,Σ3, g) is Bach-flat with S-flat and umbilic boundary. Since these
assumptions are conformally invariant, we may further assume that g is a Yamabe
metric with scalar curvature normalized so that Rg = 12 and totally geodesic
boundary. Finally, we assume that the induced metric h = g|Σ3 is isometric to the
standard metric on S3. Under these assumptions, we have on Σ3
PΣij =
1
2
hij ,
RΣ = 6.
(5.1)
Then the Gauss curvature equations imply (see (3.7)) on Σ3 that
P00 =
1
2
.(5.2)
Also, from Lemma 3.2 we conclude
W
∣∣
Σ3
≡ 0.(5.3)
The vanishing of the Weyl tensor on the boundary implies, by Lemma 3.1, that the
Schouten tensor of g satisfies on Σ3
Pij =
1
2
hij .(5.4)
Using the decomposition of curvature tensor along with (5.3), (5.2), and (5.4), we
obtain on Σ3 that
R0i0j =W0i0j + P00gij + Pijg00 = hij .(5.5)
Recall from Section 4 that near the boundary, the metric g can be expressed as
g = dr2 + hij(x, r)dx
idxj ,(5.6)
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and by Lemma 4.1, hij(x, r) has the expansion (up to order four)
hij(x, r) = h
(0)
ij + rh
(1)
ij +
r2
2!
h
(2)
ij +
r3
3!
h
(3)
ij +O(r
4),(5.7)
and h
(k)
ij are given by (4.23). In particular, by (5.5) and the fact that Σ
3 is totally
geodesic we immediately have
h
(1)
ij = 0
h
(2)
ij = −2R0i0j = −2gij .
(5.8)
To determine h
(3)
ij , we need the following result from [26]:
Lemma 5.1. Suppose (M4,Σ3, g) is a smooth Riemannian manifold with constant
scalar curvature and totally geodesic boundary. Then
h
(3)
ij = −4Sij.(5.9)
Combining (5.8) with Lemma 5.1, we conclude
hij(x, r) = cos
2 (r)hij(x, 0) +O(r
4), as r → 0.(5.10)
Lemma 5.2. For every integer m ≥ 1,
hij(x, r) = cos
2 (r)hij(x, 0) +O(r
m), as r → 0(5.11)
Proof of Lemma 5.2. We have already established this identity for m = 1, 2, 3, 4.
The proof for general m will follow from induction.
Suppose (5.11) is valid for some m ≥ 4. Our strategy is to calculate the fourth
order derivative h
(4)
ij with the Bach-flat condition and get an improvement on the
order of derivatives in r. Without loss of generality, we may calculate in Fermi
coordinates based at p ∈ Σ3 and assume hij(p, 0) = δij and have hij = cos2(r)δij +
O(rm) by induction hypothesis. Note that g0i = 0, g00 = 1 and
hij =
1
cos2(r)
δij +O(r
m).(5.12)
Since Lij only involves one derivative of the metric with respect to r, we have
Lij = sin(r) cos(r)δij + O(r
m−1).(5.13)
Also, the curvature tensor involves differentiating the metric in r twice, hence
R0i0j = cos
2(r)δij +O(r
m−2)
Rikj0 = O(r
m−2)
Rikjl = cos
4(r)(δijδkl − δilδkj) +O(r
m−2)
Pij =
1
2
cos2(r)δij +O(r
m−2)
Pi0 = O(r
m−2)
P00 =
1
2
+O(rm−2)
R = 12 +O(rm−2)
W = O(rm−2)
(5.14)
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Likewise, the covariant derivative of curvature tensor only involves differentiating
the metric in r three times, hence
∇Rm = O(rm−3)(5.15)
Now consider the term ∇0∇0R0i0j , which involves differentiating the metric
in r four times. The Bach-flat condition will enable us to reduce the order of
differentiation of the metric in r. To see this, we first note that the decomposition
of curvature implies
∇0∇0R0i0j = ∇0∇0W0i0j +∇0∇0P00gij +∇0∇0Pij .(5.16)
Using the Bianchi identities, the Bach-flat condition can be written in two ways
[12]:
∇γ∇δWαγβδ + P
γδWαγβδ = 0,
∆Pαβ −
1
6
∇α∇βR+RαγβδP
γδ −RαγP
γ
β + P
γδWαγβδ = 0.
(5.17)
Since the scalar curvature is constant the term ∇α∇βR = 0. We now use (5.17) to
rewrite the three items on the right hand side of (5.16):
∇0∇0W0i0j = ∇
γ∇δWγiδj −∇
k∇lWkilj −∇
0∇lW0ilj −∇
k∇0Wki0j
= −P γδWiγjδ −∇
k∇lWkilj −∇
0∇lW0ilj −∇
k∇0Wki0j
(5.18)
∇0∇0P00 = ∆P00 −∇k∇kP00
= −R0γ0δP
γδ +R0γP
γ
0 − P
γδW0γ0δ −∇k∇kP00
(5.19)
∇0∇0Pij = ∆Pij −∇k∇kPij
= −RiγjδP
γδ +RiγP
γ
j − P
γδWiγjδ −∇k∇kPij
(5.20)
Note that every term on the right hand side involves at most three derivatives of
the metric in with respect to r. By (5.14) this implies
∇0∇0W0i0j = O(r
m−3)
∇0∇0P00 = −
1
cos4(r)
cos2(r) ·
3
2
cos2(r) +
1
cos2(r)
3 cos2(r) ·
1
2
+O(rm−3)
= O(rm−3)
∇0∇0Pij = −
1
2
cos2(r)δij −
1
cos4(r)
cos4(r)(δijδkl − δilδkj) ·
1
2
cos2(r)δkl
+
1
cos2(r)
3 cos2(r)δik ·
1
2
cos2(r)δkj +O(r
m−3) = O(rm−3)
(5.21)
By (5.16) and (5.21) we have
∇0∇0R0i0j = O(r
m−3).(5.22)
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Therefore, combining (5.14)(5.15)(5.22) we calculate by (4.20)
∂4
∂r4
hij = −
4 cos2(r) sin2(r) cos2(r)
cos4(r)
δij −
4 cos2(r) sin2(r) cos2(r)
cos4(r)
δij
+ 8
cos4(r)
cos2(r)
δij +O(r
m−3)
= 8 cos(2r)δij +O(r
m−3).
(5.23)
This clearly implies that hij(x, r) = cos
2 (r)hij(x, 0)+O(r
m+1). Hence, the lemma
follows from induction.

Now we consider the double manifold of (M4,Σ3, g) which is denoted by (M, gd).
It is easy to see that (M, gd) is Bach-flat and has constant scalar curvature. Recall
that in harmonic coordinates a Bach-flat metric with constant scalar curvature
satisfies an elliptic system of fourth order [24][25]. Indeed, if the scalar curvature
is constant (R = c), then we have
Bαβ = −
1
2
∆Eαβ − E
γδWαγβδ + E
γ
αEβγ −
1
4
|E|2gαβ +
1
6
cEαβ .(5.24)
By the formula of Ricci tensor in harmonic coordinates in [13], we can write the
Bach-flat equation in harmonic coordinates as
0 = Bαβ =
1
4
gγδgµλ
∂4gαβ
∂xγ∂xδ∂xµ∂xλ
+ · · ·(5.25)
where the dots indicate terms involving at most three derivatives of the metric and
the principal part of Bach tensor is just one quarter of the square of Laplacian.
Hence, the metric gd is real analytic in harmonic coordinates. We define Ω to be
the set of points where g has constant sectional curvature 1 in a neighborhood.
Note that Ω is nonempty since Σ3× (−ǫ, ǫ) ⊂ Ω by (5.11) and the analytic property
of metric g. Also note that Ω is an open set by definition. We now show that Ω
conincides with M . We argue by contradiction. Suppose there is a point p ∈ ∂Ω
satisfying p 6∈ Ω. Choose a local harmonic coordinates y1, y2, y3, y4 on a connected
neighborhood U of p. The analytic functions Rikjl − gijgkl + gilgjk vanishes on
U∩Ω 6= ∅ and thereby vanish identically on U . Then p ∈ Ω, which is a contradiction.
Therefore, Ω = M and thereby (M, gd) has constant sectional curvature 1. It is
then easy to see that (M4,Σ3, g) is isometric to (S4+, S
3, gS4
+
).
6. The proof of Theorem 1.3
Let (Xn, gX) and (Y
n, gY ) be closed, locally conformally flat manifolds with
positive scalar curvature. By Corollary 5 of [22], the connected sum Z = X ♯Y
obtained by deleting balls around p and q and identifying their boundaries, admits
a locally conformally flat metric g˜ with positive scalar curvature. This follows from
the general surgery result of [22], since the metric g˜ constructed in Theorem 3 of [22]
is locally conformally flat in a neighborhood U of the gluing point, and conformal
to gX and gY outside of U .
Let us apply this result when Xn = S4, gX = g0 the round metric, Y
n = S3×S1,
and gY = h0 × dθ2 is the standard product metric. Let p = (0, 0, 0, 0, 1) ∈ S4 be
the ‘north pole’ of S4 ⊂ R5, and let q ∈ S3 × S1 be any point. By the Schoen-Yau
construction, there is a locally conformally flat metric g˜ on S4 ♯ (S3×S1) ≈ S3×S1
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with positive scalar curvature. Moreover, g˜ is conformal to g0 on S
4 \ U , where
U is a small neighborhood of p. In particular, the induced by g˜ on the equatorial
S3 = {(x1, . . . , x5) ∈ S4 : x5 = 0} ⊂ S4 ♯ (S3 × S1) is umbilic. Therefore, if
S4− = {(x
1, . . . , x5) ∈ S4 : x5 ≤ 0} ≈ B4 denotes the ‘lower hemisphere’, then
(S3 × S1 \ S4−, g˜) satisfies the conditions of Theorem 1.3.
7. appendix
In this appendix we give the proof of Theorem 1.1. Since most of the formulas
are fairly standard we will only provide a sketch.
Let (M4,Σ3 = ∂M4, g) be a compact Riemannian manifold with boundary.
Given a symmetric 2-tensor v, let g(t) = g + tv; then g(0) = g and g′(0) = v. By
the formula for the variation of the metric tensor and volume form, it is readily
calculated
d
dt
W(g(t))
∣∣
t=0
=
d
dt
∫
M4
‖Wg(t)‖
2 dvg(t)
∣∣
t=0
=
d
dt
1
4
∫
M4
(Wg(t))
αµβν(Wg(t))αµβν dvg(t)
∣∣
t=0
=
∫
M4
{
−Wαµβν∇α∇βvµν − PαβW
αµβνvµν
}
dvg.
If we integrate by parts in the first term, we obtain
d
dt
W(g(t))
∣∣
t=0
= −
∫
M4
Bµνvµν dvg +
∮
Σ3
{
∇αW
αµ0νvµν −W
0µβν∇βvµν
}
dσh,
(7.1)
where B is the Bach tensor1. Using the convention that Latin indices indicate
tangential components, we can rewrite the boundary integrand as
∮
Σ3
{
∇αW
αµ0νvµν −W
0µβν∇βvµν
}
dσh
=
∮
Σ3
{
∇αW
α00jv0j +∇αW
αi0jvij −W
i0j0∇0vij +W
i0j0∇jvi0 +W
i0jk∇jvik
}
dσh.
(7.2)
Since we are restricting to metrics for which the boundary is umbilic we assume
that v preserves the umbilic condition to first order; i.e.,
d
dt
{
L(g(t))ij −
1
3
H(g(t))g(t)ij
}∣∣∣
t=0
= 0.
By standard formulas for the variation of the second fundamental form (see, for
example, (2.6) in [2]) this implies
0 =
1
2
(
∇ivj0 +∇jvi0 −∇0vij
)
−
1
3
Hvij −
1
3
([
∇αvα0 −
1
2
∇0(tr v)−
1
2
∇0v00
]
− Lkℓvkℓ
)
hij .
(7.3)
Remark 7.1. Symmetric 2-tensors on M4 whose restriction to the boundary have
vanishing trace and satisfy (7.3) can be viewed as the formal tangent space to
M0(M4,Σ3), the space of Riemannian metrics on M4 with umbilic boundary.
1Some authors define the Bach tensor to be the L2-gradient of W , while others define it to be
minus the L2-gradient.
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Pairing both sides of (7.3) with W i0j0 and integrating over Σ3 gives
0 =
∮
Σ3
{
W i0j0∇jvi0 −
1
2
W i0j0∇0vij −
1
3
HW i0j0vij
}
dσh,(7.4)
which we rewrite as∮
Σ3
W i0j0∇0vij dσh =
∮
Σ3
{
2W i0j0∇jvi0 −
2
3
HW i0j0vij
}
dσh.(7.5)
Substituting this into (7.2) we obtain
∮
Σ3
{
∇αW
αµ0νvµν −W
0µβν∇βvµν
}
dσh
=
∮
Σ3
{
∇αW
α00jv0j +∇αW
αi0jvij +
2
3
HW i0j0vij −W
i0j0∇jvi0 +W
i0jk∇jvik
}
dσh.
(7.6)
Next, we rewrite the last two terms above via integration by parts. On Σ3, define
the symmetric two-tensor Dij = Wi0j0 and the one-form ηk = vk. More precisely,
for tangent vectors X,Y ∈ TΣ3,
D(X,Y ) = W (X,
∂
∂r
, Y,
∂
∂r
),
η(X) = v(X,
∂
∂r
).
Using the formulas for the Christoffel symbols in (3.40), we can write
∇jvi0 = ∇
Σ
j ηi −
1
3
Hhijv00 +
1
3
Hvij ,
∇Σj D
ij = ∇jW
i0j0 = ∇αW
α0i0.
(7.7)
Therefore, we can express the next to last term in (7.6) as∮
Σ3
W i0j0∇jvi0 dσh =
∮
Σ3
W i0j0{∇Σj ηi −
1
3
Hhijv00 +
1
3
Hvij} dσh
=
∮
Σ3
Dij∇Σj ηi dσh +
1
3
∮
Σ3
HW i0j0vij dσh.
(7.8)
Integrating by parts on Σ3 and using (7.7) gives∮
Σ3
W i0j0∇jvi0 dσh = −
∮
Σ3
∇Σj D
ijηi dσh +
1
3
∮
Σ3
HW i0j0vij dσh
= −
∮
Σ3
∇αW
α0i0ηi dσh +
1
3
∮
Σ3
HW i0j0vij dσh
= −
∮
Σ3
∇αW
α0i0vi0 dσh +
1
3
∮
Σ3
HW i0j0vij dσh
=
∮
Σ3
{
∇αW
α00jvj0 +
1
3
HW i0j0vij
}
dσh,
(7.9)
where in the last line we used the symmetries of the Weyl tensor and re-indexed.
We use a similar argument to rewrite the last term on the right in (7.6). This
time we define the tensor A on the boundary by Aijk = Wi0jk . Again using the
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formulas for the Christoffel symbols on Σ3, it follows that
∇jvik = ∇
Σ
j vik −
1
3
Hv0khij −
1
3
Hvi0hjk,
∇Σj A
ijk = ∇jW
i0jk +HW i00k = ∇αW
i0αk −∇0W
i00k +HW i00k.
(7.10)
Therefore, we can express the last term in (7.6) as∮
Σ3
W i0jk∇jvik dσh =
∮
Σ3
W i0jk
{
∇Σj vik −
1
3
Hv0khij −
1
3
Hvi0hjk
}
dσh
=
∮
Σ3
W i0jk∇Σj vik dσh
=
∮
Σ3
Aijk∇Σj vik dσh.
(7.11)
Integrating by parts and using (7.10), we have
∮
Σ3
W i0jk∇jvik dσh = −
∮
Σ3
∇Σj A
ijkvik dσh
=
∮
Σ3
{
−∇αW
i0αkvik +∇0W
i00kvik −HW
i00kvik
}
dσh
=
∮
Σ3
{
∇αW
αi0jvij −∇0W
i0j0vij +HW
i0j0vij
}
dσh,
(7.12)
where once again we re-indexed and used the symmetries of W .
We now substitute (7.9) and (7.12) into (7.6) to get
∮
Σ3
{
∇αW
αµ0νvµν −W
0µβν∇βvµν
}
dσh
=
∮
Σ3
{
∇αW
α00jv0j +∇αW
αi0jvij +
2
3
HW i0j0vij −
[
∇αW
α00jvj0 −
1
3
HW i0j0vij
]
+
[
∇αW
αi0jvij −∇0W
i0j0vij +HW
i0j0vij
]}
dσh
=
∮
Σ3
{
2∇αW
αi0jvij −∇0W
0i0jvij +
4
3
HW 0i0jvij
}
dσh.
(7.13)
By the definition of the tensor S,∮
Σ3
Sijvij dσh =
∮
Σ3
{
2∇αW
αi0jvij −∇0W
0i0jvij +
4
3
HW 0i0jvij
}
dσh.
Therefore, from (7.13), (7.1) and (7.2) we conclude
d
dt
W(g(t))
∣∣
t=0
= −
∫
M4
Bµνvµν dvg +
∮
Σ3
Sijvij dσh.(7.14)
By restricting to variations supported in the interior of X4, we immediately see
that a metric that a critical metric for W over variations that preserve the umbilic
condition to first order must be Bach-flat. In particular, for any such variation v
we have
d
dt
W(g(t))
∣∣
t=0
=
∮
Σ3
Sijvij dσh.(7.15)
RIGIDITY FOR BACH-FLAT METRICS ON MANIFOLDS WITH BOUNDARY AND APPLICATIONS21
To see that g is also S-flat, let vΣ be a symmetric 2-tensor defined on Σ3, and assume
vΣ is trace-free with respect to h = g|Σ3 , the induced metric. We can extend v
Σ
trivially to a collar neighborhood U of the boundary by using the identification of
U with Σ3 × [0, ǫ) for some ǫ > 0 small, as described in Section 4. More precisely,
if X,Y are tangent vectors defined at a point p = (x, r) ∈ U , then we can write
X = XT +X0
∂
∂r
, Y = Y T + Y 0
∂
∂r
,
where XT , Y T ∈ TxΣ3. Then define v by the formula
v(X,Y ) = vΣ(XT , Y T ).
We then use a cut-off function to extend v to all of M4, so that v ≡ 0 away from
Σ3. Note that with respect to the coordinate system in U described in Section 4,
near Σ3 we have
v = vΣij dx
i dxj .(7.16)
By construction it follows that v is trace-free (with respect to g), and on Σ3 we
have
∇0vij = 0,
∇0v00 = 0,
∇ivj0 = 0,
Lijvij =
1
3
H tr vΣ = 0.
Therefore, v satisfies the constraint in (7.3), meaning that variations gt of the metric
g with d
dt
gt|t=0 = v preserve the umbilic condition to first order. As we observed
above, this implies
0 =
d
dt
W(gt)
∣∣
t=0
=
∮
Σ3
Sijvij dσh
=
∮
Σ3
SijvΣij dσh.
(7.17)
Since vΣ was an arbitrary trace-free 2-tensor on Σ3, it follows that S = 0.
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